The nature of the interplay between superconductivity and magnetism in the cuprates remains one of the fundamental unsolved problems in high temperature superconductivity. Whether and how these two phenomena are interdependent is perhaps most sharply seen in the stripe phases of various copper-oxide materials. These phases, involving a mixture of spin and charge density waves,
I. INTRODUCTION
La 2−x Ba x CuO 4 is the material where high temperature superconductivity was first discovered by Bednorz and Müller in 1986 [1] . At x = 0.125 this copper oxide sees an anomalous suppression of T c [2] which has been argued to be coincident with static stripe order, a unidirectional static charge and spin density wave. Support for the existence of this order has been found both in neutron scattering [3, 4] and x-ray [5] measurements. Beyond La 1.875 Ba 0.125 CuO 4 , the most prominent cuprate exhibiting static stripe order is neodymiumdoped LSCO, La 1.6−x Nd 0.4 Sr x CuO 4 [7] . However evidence for "dynamic stripes", a phenomenon characterized by short-range CDW order and incommensurate low (but finite) energy magnetic excitations, is found in a number of materials. Such excitations have been observed both in YBa 2 Cu 3 O 6+x crystals [8, 9, 10, 11] and in La 2−x Sr x CuO 4 [14, 15] over a range of dopings.
Magnetic order appears in two different guises in these copper-oxides. In neutron measurements on untwinned crystals of YBa 2 Cu 3 O 6.6 exactly two incommensurate low energy peaks are seen [9, 10] . While initial observations of the phonon anomaly suggested that the peaks were located perpendicular to the direction of the stripes [12] , later measurements of the same anomaly [13] suggested the opposite conclusion, that the magnetic order was found parallel to the stripes. The origin of magnetic order in La 1.875 Ba 0.125 CuO 4 and La 2−x Sr x CuO 4 is similarly ambiguous but for different reasons. In these materials, four peaks in the neutron scattering intensity are observed. This doubling in the number of peaks corresponds to a doubling of the unit cell in the La-based materials. Each cell spans two copper-oxide planes where the stripes in each plane are orientated at 90 o relative to one another. The doubling obscures the orientation of the magnetic relative to the charge order, again opening up the the possibility that magnetic order may conceivably arise not perpendicular but parallel to the stripes.
Previous theoretical efforts aimed at deriving the magnetic excitation spectrum in the stripe ordered state have treated the doped regions as structureless magnetic voids [17, 18, 19] . Such an approach ignores the internal dynamics of these regions. In this paper we attempt to take these dynamics into account. We do so by adopting a simplified model of static stripes suggested for x = 1/8 doped LBCO by Tranquada et al. [4] , where the unit cell in a single plane contains one undoped and one doped two-leg ladder.
The presence of the doped two-leg ladders (in lieu of magnetically inert voids) has two important consequences. First and foremost it allows us to develop two scenarios for magnetic ordering. In the first scenario, magnetic order develops perpendicular to the stripe direction (or in our model, perpendicular to the ladder). In the second scenario, magnetic order develops parallel to the stripe/ladder, a scenario, as we have indicated, that cannot be excluded necessarily from either Y Ba 2 Cu 3 O 6.6 due to ambiguities in measurements of the phonon anomaly nor from the La-based compounds because of their bi-plane structure of stripe ordering. In our model of coupled ladders, one scenario is favoured over the other on the basis of particular non-universal features in the spin response of an individual doped ladder [20] . This non-universality then implies that at least in the context of our model, one scenario is not fundamentally more natural than the other.
The second consequence of note that flows from our model is a natural explanation for the π phase shift concomitant with the incommensurate magnetic order. In models where the doped striped regions are ignored, the undoped parts of the copper-oxide plane are connected via effective ferromagnetic couplings. Such couplings must be employed if the correct incommensurate order is to be produced. Instead here, we show that a model of anti-ferromagnetically connected doped and undoped ladders is able to produce the π-phase
shift. In effect, we show how to generate dynamically the ferromagnetic coupling between undoped regions.
A fundamental assumption underlying the model we are analyzing is that stripes are not merely a low energy phenomenon but rather exist over a large range of energies. Support for this view may be derived from inelastic neutron scattering experiments [4, 6, 21] , where a strong inelastic signal between 50meV and 100meV has been attributed to arise from stripe correlations. However is not yet fully understood [22] how to reconcile such a stripe based picture with the existence of nodal quasiparticles established in angle resolved photoemission data [23] . And while stripe correlations may exist at higher energies, they are certainly not an isolated phenomena. Typically, higher energy inelastic neutron scattering observations [4, 21] only see broad features, indicating at the least, strong damping.
While our model pertains primarily to magnetic order at 1/8 doping where the incommensurate ordering wavevector equals coherent mode on the doped ladder which is itself a linear function of doping. While this requires the assumption that that doping adds holes to the stripe without changing the distance between stripes, it is perhaps a useful step towards a description of the striped phase in La 2−x Sr x CuO 4 for 0.055 < x < 0.125 where parallel stripe order appears with incommensuration linear in x.
While we do not address directly the origin of superconductivity, a particularly attractive feature of this model is that superconductivity arises naturally from the strong pairing correlations present in doped ladders [24, 25, 26, 27] . In order to judge the applicability of such a model it is first important to analyze its implications for the magnetic dynamics of the striped phase. This is the aim of the present paper.
II. THE MODEL
The basic model underlying our calculations is illustrated in Fig. 1 : we have an array of alternating doped and undoped Hubbard-like ladders. The charge gap in the undoped ladders is taken to be very large. As a result the dominant interaction between ladders is antiferromagnetic superexchange J c . As is clear from the above discussion, the experimentally observed charge order with commensurate wave vector
is built into our model from the very beginning. The issue we want to address is the static spin order that develops upon coupling the ladders together as well as the spin dynamics.
It is widely believed that magnetic long-range order develops at
that is, perpendicular to the stripes. On the basis of the analysis presented below, we suggest that an alternative scenario is possible. Here magnetic long-range order develops along the direction of the stripes at wave vectors
The two scenarios are illustrated in Fig. 2 . 
III. ANALYSIS OF THE MAGNETIC RESPONSE
The basic ingredients of our approach are dynamical susceptibilities of the two types of ladders. As our subsequent analysis is based on a random phase approximation (RPA) in the interladder couplings, this is the only information required. It turns out that the results obtained in such an approach display a certain robustness with respect to changing the microscopic details of the model. This allows us to identify prominent features of the magnetic response which we believe to be insensitive of the particular approximations we employ.
The dominant interladder coupling is taken to be antiferromagnetic superexchange of strength J c (see Figure 1) , which is induced by virtual hopping processes between doped and undoped ladders. The matrix susceptibilities for the undoped (U) and doped (D) ladders are expressed in terms of the matrices 
where K is defined by
Here χ 11 = χ 22 marks correlations along the legs of the ladder while χ 12 = χ 21 describes correlations of the ladder rungs.
The coupling between the ladders is then taken into account in RPA. In the matrix notation introduced above this amounts to
where J is a matrix given by
The scattering function for the coupled ladders is then S(q x , q y , ω) ∼ −Imχ RP A 2D (ω, q x , q y ). Long range magnetic ordering occurs when χ 2D (ω = 0, q x , q y ) develops a singularity at some Q x and Q y . In the RPA the development of the singularity is equivalent to the vanishing
In the above, both χ d ij and χ ud ij are functions of only q x and ω, while q y only appears in the final cosine. Once we have the doped and undoped ladder susceptibilities in hand, we will readily be able to determine the value of the transverse wavevector, q y , at which order arises.
We will find two scenarios, one with order at q y = π ± π/4, and one with order at q y = π.
One of our main conclusions is that which scenario is realized depends on the details of the ladder susceptibilities.
IV. LADDER SUSCEPTIBILITIES: GENERAL STRUCTURE A. Susceptibility of the undoped ladders
The low energy spectral weight of the undoped ladders is concentrated around q x = q y = π and the susceptibility displays a modulation along the y-direction by the factor (1 − cos(q y )) [28] . As long as we restrict our attention to energies below the two magnon continuum (which dominates the response at q y = 0), we can express the susceptibilities of the undoped ladders in the form
where
The magnon dispersion relation, ǫ(q x ), is taken from Ref. 33 ,
The residue Z(q x ) can be inferred from Ref. 34 . We use the following simple, approximate fit, Z(q x ) = 3J(0.65 sin 2 (q x /2) + 0.27).
B. Susceptibility of the doped ladders
In order to infer the susceptibilities of the doped ladders it is useful to recall the band structure. There are two bands corresponding to bonding (+) and antibonding (-) fermions
Generically both bands will cross the chemical potential, leading to four Fermi wave numbers −k F ± and k F ± as is illustrated in Fig.4 . The mapping to the bonding and antibonding picture implies the following decomposition of the doped
Here χ d intra (ω, q x ) and χ d inter (ω, q x ) denote the parts of the susceptibility involving only fermions within the same band and fermions of both bands respectively.
The band structure further dictates that low-energy spin excitations occur at
inter respectively. At low energies, we therefore can write
Here the single magnon weight (though only quasi-coherent due to the gapless charge excitations of the doped ladder) is found in χ
. The remaining contributions represent two excitation continua.
C. Magnetic Instability
In terms of the inter and intraband susceptibilities of the doped ladders the RPA instability condition (9) reads
This form makes it obvious that there are three possible sources for a magnetic instability:
it can be driven by 1) the interband susceptibility of the doped ladders, χ d inter (ω, q x ); 2) the intraband susceptibility of the doped ladders, χ d intra (ω, q x ); or finally, 3) by the susceptibility of the undoped ladder, χ ud (ω, q x ). In the first case the ordering occurs at q y = π ± π 4
; in the second case at q y mod π = 0,
; and in the final case at q y = π. Let us further elaborate on these three possibilities.
Scenario I: Instability due to
In this scenario, the ordering occurs at
Here the ordering arises from predominance of the two-particle scattering continuum over the single particle magnon. In this scenario, the specific form of the doped susceptibilities, based upon treating the doped ladders as a manifestation of the SO(6) Gross-Neveu model, are given in Appendix A.
Scenario II: Instability due to
The ordering occurs at
Here the ordering arises from the spectral weight associated with the single particle magnon on the doped ladder, found near wavevector
In this scenario this spectral weight overwhelms that of the two-particle continuum in the doped ladders (as encoded in χ d intra (ω, q x )). To then treat this case, we imagine that the susceptibility of the doped ladder comes solely from the single particle magnon as discussed in further detail in Appendix A.
Scenario III: Instability due to
In this final scenario, the ordering occurs at the commensurate wavevector
Here the ordering arises because the spectral weight of the undoped ladder dominates. It is however the least relevant scenario for describing neutron scattering experiments on the cuprates and so will not be explored in detail here.
V. MAGNETIC RESPONSE OF COUPLED LADDERS
In this section we elaborate upon the magnetic response of the coupled ladders in the first two scenarios presented in Section IV C. In particular we will show that either of these scenarios is compatible with the observed gross features of the magnetic response of La We first consider constant energy slices of the spin response as a function of wavevector.
Choosing the same energies reported in Ref.
[4], we plot the results in Figures 4 and 5, where the reduced lattice units h and k are defined via [4] 
In figure of each pair). The second arrangement (pictured in Fig. 3 with experiment. We, however, include the response of a single plane as it is here that the magnetic response of the two ordering scenarios most sharply distinguish themselves.
In Figure 5 , Scenario I is presented, the case where the magnetic order develops perpendicular to the ladder, i.e. at wavevector (π, π ± energy to ω = 36meV , the spin waves disperse outwards. We see that spectral weight of the cones in anisotropically distributed, with more weight being found on the side of the cone nearest to (π, π). Thus we see that as we increase in energy, the spectral weight appears to move away from the incommensurate points towards (π, π). By ω = 55meV , the energy corresponding to the gap in the undoped ladders, the cones have begun to overlap. This overlap is enhanced for the response of a pair of planes, leading to the most intense response coming from (π, π). As energy is further increased, we observe a rotation in the intensity by 45 o in the pair plane response (compare energies ω = 36meV and ω = 80meV ). The rotation results from the dominance of the spin response of the half-filled ladders, which for a single plane form lines of intensity. With a pair of relatively orientated planes, the lines cross, leading to the four peaks. As we increase energy further, the peaks in the two-plane response disperse outwards while at the same time losing intensity. By ω = 160meV , the spin response has become both comparatively broad and weak.
In Figure 6 , we plot the magnetic response of the second scenario where order appears parallel to the ladders. At the lowest energy shown, ω = 6meV , we again find incommensurate spin waves, which now appear, for a single plane, at (h, k) = (1 ∓ 1/8, ±1/8). The spin waves, in this case, are much more strongly anisotropic. But we believe this is a feature of the details of the ladder susceptibilities, not a fundamental feature of the model. While the response at ω = 6meV for this ordering pattern is rotated by 90 0 relative to where the order develops perpendicular to the ladders, the response for a pair of planes is qualitatively no different in the two cases. As we increase in energy, the spin waves appearing at low energies evolve into the response of a set of nearly uncoupled doped ladders. Accompanying this evolution is a separate development of spectral weight at (π, π). The presence of inelastic spectral weight of (π, π) is a consequence of the competition in this scenario between order developing at q x = π (the location of coherent mode on the doped ladder) and order developing incommensurately at q x = 3π/4 and 5π/4 (the location of the quasi-coherent mode on the undoped ladder). Though in this case order is favored at the incommensurate wavevector, the commensurate order remains pre-emergent and so appears at finite energy values.
Taken together, these two effects again give the appearance of a movement of spectral weight towards (π, π). As we continue further up in energy, the response of the half-filled ladders again begins to dominate, with a peak in the intensity near (π, π) (see ω = 55meV in Fig.   6 ). The dominance of the half-filled ladders then continues to higher energies (ω = 80meV and above), and consequently, the response takes on the same form as that of Figure 5 .
While our model of coupled ladders finds reasonable approximates to the observations on LBCO of Ref. 4 , it produces features at higher energies that are typically much sharper than those actually observed. This however is not surprising. The RPA approximation we employ will generically underdamp high energy stripe-like correlations.
As another measure of the response of the two scenarios, we compute at fixed energy the q-integrated intensity, S(ω), of the coupled ladders. This quantity is defined by
We plot the results in Figure 5 for the two scenarios. We see we obtain a rough agreement.
At low energies there is an increase in intensity corresponding to the development of incommensurate long range order. We also see an enhancement in the intensity at J = 50meV which corresponds to the spin gap of the half-filled ladders. This is to be expected as the excitation spectrum of the half-filled ladder is a single coherent mode and should have a strong response. For energies in excess of the spin gap, we then see a gradual decline in intensity in both the measured and computed responses. The primary difference between the two scenarios lies in the total amount of spectral weight found at low energies. But this difference is not fundamental and rather is a product of particular choices made to describe the susceptibilities of the individual ladders in both cases.
VI. DISCUSSION
We approached this work with three primary motivations: i) to understand whether a model of coupled ladders with alternating levels of doping is compatible with the observed spin response in La 1.875 Ba 0.125 CuO 4 and La 2−x Sr x CuO 4 ; ii) to suggest that distinct patterns of magnetic ordering can lead to the same set of experimental observations in these particular cuprates; and iii) to explore the specific role that the internal dynamics of the doped regions play in the development of stripe order. We deal with each in turn.
The observations of Ref. [4] of the inelastic spin response in La 1.875 Ba 0.125 CuO 4 has several basic features. At zero energy there appear inelastic incommensurate spin waves at the four wavevectors, Q = (π, π(1 ± 1/4)) and Q = (π(1 ± 1/4), π). At small but finite energies (up to 50meV ), the intensity associated with these spin waves appears to propagate away from these incommensurate points and inwards towards (π, π). At higher energies, the movement of the spectral weight reverses direction, propagating outward, but with peaks rotated by 45 o relative to the low energy spin waves.
In the previous sections we have show that there exist two coupled ladder scenarios that qualitatively reproduce these features. The two scenarios are distinguished by the direction in which the incommensurate order develops, either parallel or perpendicular to the direction of the ladder. Nonetheless in both scenarios we find magnetic order at the four incommensurate wavevectors (in bi-planar systems). In both, we have a movement of spectral weight towards (π, π) as energy moves upwards to 50meV . And for energies greater than 50meV , the spin response of both scenarios, dominated by the coherent mode of the undoped ladder, yields the same outward (from (π, π)) propagation of spectral weight rotated by 45 o relative to the location of the low energy spin waves.
While the two scenarios are qualitatively similar, there are quantitative differences. The low energy spectral features present in Scenario II (ordering along the ladder) are far more anisotropic than those in Scenario I (ordering perpendicular to the ladder). This however is less a fundamental feature of Scenario II and more a consequence of the use of the field theoretic treatment of the doped ladders at medium energies. At such energies, the neglected non-relativistic band curvature will moderate anisotropic features. A more fundamental difference is the manner in which spectral weight moves inwards towards (π, π) as energies are increased to 50meV . In Scenario I, this movement is a consequence of expanding spin wave cones possessing an unequal distribution of spectral weight. In Scenario II, the weight moves towards (π, π) due to the spectral features present on the uncoupled doped ladder together with nascent ordering at (π, π). This ordering, discussed briefly in Section IV C, while not elastic, cannot be entirely suppressed at higher energies.
While the primary focus of this work has been on static stripe order of the kind observed in La mensurate long range order has been reported [29, 30, 31] . Specifically, neutron scattering experiments observe a broad peak centered about 11meV in the scattering intensity at the incommensurate wavevector (h, k) = (1 ± 1/8, ±1/8) (see Figure 8 ). (A similar phenomena is seen in La 1.82 Sr 0.18 CuO 4 [32] .) This magnetic response can be understood through our model of ladders with an interladder coupling, J c , less than its critical ordering value, J crit .
The responses for J c < J crit for both scenarios (|| and ⊥) are pictured in Figure 8 . For comparison we have plotted the corresponding responses for J c = J crit where long range order is fully developed. There, as ω is decreased, the response diverges at the incommensurate wavevector.
The compatibility of both stripe ordering scenarios we discuss with the observed spin response in both La Experimental evidence beyond the spin response in these compounds provides only limited evidence allowing one to distinguish between these two scenarios. In Scenario I extended to general levels of doping [35] , incommensurate wave vectors of charge and spin density waves are arranged perpendicular to the direction of stripes and are related to each other via
where x denotes the doping. In contrast, in Scenario II stripes are found in the form of coupled two leg ladders, independent of doping, gaining in this fashion, magnetic energy.
Here the pattern of incommensuration appears as
The behavior of incommensurate spin order at Q sx = π±2πx as a function of doping directly tracks the wavevector where low energy quasi-coherent modes exist in the doped ladder.
To distinguish between these two scenarios we must then focus upon the charge incommensuration. However only the doping dependence of the magnetic incommensuration has been carefully studied (see [6] and references therein of the incommensuration as a function of x is explained by invoking stripe spacing disorder. Modifying this approach, we can imagine stripe spacing disorder producing changes in the charge incommensuration while the magnetic incommensuration arises from the doped ladder quasi-coherent mode (and so again is parallel to the stripe). This then yields a incommensuration pattern
which gives Scenario I's charge incommensuration but Scenario II's magnetic incommensuration.
Independent of either scenario, our modeling efforts show the value of taking into account the doped region of the copper-oxide planes. In coupling together the ladders, we employed antiferromagnetic couplings but were nonetheless able to explain the appearance of incommensurate order and the corresponding π-phase shift in magnetic order. If the doped regions were instead considered inert, a ferromagnetic coupling would have to be assumed between adjacent doped ladders [16, 17, 18, 19] .
While we have focused on magnetism here, models of coupled ladders have promising superconducting properties. It has already been established that a model of a uniform array of coupled half-filled ladders possesses narrow arcs of quasi-particles which have an instability towards d-wave superconductivity [27] . Ultimately this is a consequence of the presence of nascent d-wave superconducting order on the component ladders [24, 25] . However these arcs are highly anisotropic with an alignment parallel to the ladders. A question that then should be asked is whether a model of an array of ladders with alternating doping can do better. Can such a model produce arcs aligned at 45 o ? If it could, it would fill in an important piece of the puzzle of how 1/8-doped LBCO can exhibit both stripe order together with nodal quasi-particles [23] .
concerning the amplitudes of the correlation functions. It is these ambiguities which give rise to the possibility of different ordering scenarios described in the text.
The field theory predicts the following general form for the susceptibilities:
In these expressions A ij are amplitudes with dimensionality of momentum that are de- The imaginary part of J 1 takes the form
where θ 12 is given by 
The imaginary parts of J 2 and J 3 can be expressed more compactly as integrals over hypergeometric functions:
Here K is the Luttinger parameter governing the gapless total charge mode of the doped ladder and g is a constant given by
3Γ(5/4) .
To evaluate the real parts of J a (a = 1, 2, 3) we Kramers-Kronig transform the above expressions for ImJ:
We equip the transformation with a cutoff, D ∼ v F /a, to reflect the fact the imaginary parts of J 2 and J 3 are only accurate representations of the low energy sector of the ladders.
To determine the real parts of J 2/3 we perform the transformation over a frequency interval roughly corresponding to this sector. Our results, however, are insensitive to the exact value of D.
Scenario I: Ordering Perpendicular to the Ladders
To be able to produce the analysis of ordering perpendicular to the ladders (Scenario I -Figs. 5, 7, and 8) we had to fix the parameters v F A ij /m 2 and determine the value of spin gap m. In Ref.
[40], we did this through a comparison with an RPA analysis of a Hubbard ladder with an onsite U repulsion. The value of the spin gap m is related to the bandwidth, t, the Hubbard interaction, U, and the Fermi velocity v F . For t ≈ U we chose t = 4ev and for v F = 350meV a (where a is the lattice spacing). v F is not readily available as its (strong) renormalization due to interactions is a two-loop effect. But the value we employed is commensurate with what is measured in the cuprates [42] . As discussed in Ref.
[40], knowledge of t alone is enough to fix the value of the gap, m = 26meV, using a field theory analysis for doped ladders [41] together with the values of the gap on the ladder as determined from DMRG at half-filling [43, 44] . From this same field theory analysis, the Luttinger parameter can be determined as K = 0.945. In Figs. 5 and 7 we couple the ladders together with a strength just below that of the critical interladder coupling as determined from our RPA analysis -here J crit = 16.05meV. We choose the value of J on the undoped ladders to be 100meV so as to match experimental observations of the location of the neck of the hourglass describing the evolution of excitations in La 1.875 Ba 0.125 CuO 4 [4] . Furthermore to partially mimic the broadening seen in experiment, we broadened the spectral function of the undoped ladders by assuming a lifetime of 0.1J.
The constants, A ij , that appear in Eqn. (A1) are not determined by the field theory treatment itself but must be accessed through separate considerations. In Ref. [40] we, through a comparison with a RPA analysis of a Hubbard ladder with an onsite U repulsion, were able to provide tentative values for the A ij 's.
Scenario II: Ordering Parallel to the Ladders
Since the amplitudes A ij are determined by processes with energies of the order of the bandwidth, we have a liberty of choice. For Scenario I we have chosen the high energy physics as in a simple doped Hubbard ladder with a point-like interaction and U ∼ t. One can imagine that some other lattice realization generates a set of amplitudes such that the spectral weight associated with the quasi-coherent spin excitation dominates. To develop this scenario, we thus focus on this excitation to the exclusion of contributions coming from two excitation scattering continua. Specifically we set A 11 = A 12 = A 31 = 0, leaving only A 32 finite, and take J 3 to equal
As such, J 3 now represents a coherent mode broadened by the presence of gapless charge excitations.
For this scenario, in order to produce the spin response at constant energy in Fig. 6 and the integrated intensity in Fig. 7 , we must choose the ratio of v f /m to be sufficiently large in order to guarantee Scenario II prevails over Scenario III. To ensure this we chose v f = 250meVa, and the lattice bandwidth to be t = 1000meV (and thus via Refs. [41, 43, 44] , m = 0.0065t = 6.5meV ). Both the parameters used for the undoped ladder and the Luttinger parameter describing charge excitations on the doped ladders where the same as in Scenario I (appendix A1).
In order to produce the results displayed in the left hand side of Fig. 8 (discussing the strength of the inelastic signal in La 1.86 Sr 0.14 CuO 4 at the incommensurate wave vector), we took instead v f = 360meVa and t = 3000meV . This in turn moved the gap scale on the doped ladders to m = 21meV, high enough so that it did not interference with the low energy signal marking nascent incommensurate order.
